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&verview
-

- Rules of the game

- Fusion cuts & their modules

- What are they bee?

- Weak Hopf algebras & representations

->Simple formula characterizing inutibility



·

- Associate algebra A to exM

- Compute Rep (A) (this is Morita
dual E

- Is Rep (A) =D?

Can we check without computing RepCA)?
-Schor character orthogonality for A

-



Game
-

Given a bimodule category, specified by its skeletal data,

: determine whether it's invertible

2tu-D · ↓
Maquize=F



=
Module-, Bimodule -categories

④ unit

1)finite set of simples
iot=9*Fab...5

3)1
=27

1
a b c ab(2)

-(
d+e(cr),)

x
↓
*

matrix encoding associators

8ordable
ray

(a))ac =a(b(c)



Example: VeaG-

1) irrVeet = G as a set

3)ahk 18hE
I goh =gt sol180%

·CESonTan=+I



:RepC

1) iorRept = irreducible reps of
G

N

20+ ap
=NxPz

3Y =E(,Y =&

1
x-

6j-symbols



#Fe-,Bimodule-catagories

can

Given t fusion

1)finite set of simples irr=<m,n,... 5

-3) ⑭

M t - ax-J)2)
I N ↓a)c(caaM(aDm,)

unitary matrix encoding associators

(aok) Dm = aQ(bbm)



tocalodule-Binodule-Calegointen
N

↓ "1
-F,PFindg q

P

cmd
cmd

Skeletal data: ie, ill,

is 37FSof,07,*F C
-F
This is what

we're given



Example VestAVeoUS RepG
-

↓
Isimple A:

1-dim rector space.

-.f j

- 20x(y)ii
+ ++
zg0

gDF
=*

g X y gx
can check

pentagon eyes

=N ( =*c01,
g+ gb



Ventt VecY D
-

#oartyofthemixed apociationintered
I g

Schur's IP orthogonality relation.

I

f we had chosen a different D, this wouldn't

work. *Reducible reps
can check

*Multiple copies 3 D =Rep G
*Missing irreps

How to generalize?



Dual
Given eNM, can construct a gue
I

FC e ·
the dual, such that

M

etMxc

is invertible.

e.Ende (m) part of the cutan

~
I
of module

mpfi=f(m) functor

(abm)x7 =f(abm) =Eaxf(m) =ax(m+f)



computing this

&tructingon - is topic of
earlier papers

(LFact:e Rep ( Anne (M) SEE WEBSITE

m

Algebra

Unit
Product

Basis -

(C)z= 10(p =Co



Roughly:
to specify a module functor, we need

rector spaces th(F(m), n)

for this we use the vs. redelying wep.

Natural isomorphisms: F(abm) = a xf(m)

provided by action of
the algebra.

~(e



Vec:

isi=( -i =())= T*

Rep (Ann) = Rep (KG)



Recall: We want to show evMYD

is invertible

Reduces to showing that

D =Rep (Ame(n)



*
ations of Anne(M) from D

Pick simple xe

Define vector space
Vaa with basic

R

3971m, ncium; asclimll(max
Action of Anne (M):

↓
. .: = CR..*** Row



Example:Ne*
Rep Ss

-

=

=-100 "Aklor Ri

+(0) =(5-i) -(1) =(9)

irestricts to 100 on 12 subgroup

(Xπ,Xπ)>z



- Want to show DEee Rep (Anne(r) -

*Check simple objects
label fct irrible

representations. Character orthogonality?

x.)() = Fa(4) -2(NF)

*Check we haven't missed any D)imension
condition



Can we use extra structure to

construct an inner product so that

(xi, Xi) = S, for irreduciblepeers?



*Fact: Anee (M) is a weak Hopf algabean

- WHA: Algebra + Coalgebra + Antipode

w
weakened compatibility *1#101.

*

·(3)1 +( +4



Integralsin WHA

Vector 1 in A such that

x1 =9(1xx)1(x)/ V xeA

1x =17(1)5(x7(x)

+normalization condition

Hopf: x =1x =g(x)/

Generalizes #E.iT the case A = KG

Always exists in case A is C



Claim: (Xx,Xz)i =(XxXj,1) =S

y
Ireducible characters of WHA

#: = Hom (A,K)
also a WHA a Boehm

Niksh⑫ Ostrik

X.,xy = [NxEgXz

so(Xx,Xy) =zNczz- Xz(1) Trivial rep
is image ofEPf: E (7(x) -)1(z)

[Boehm CT] Xz (1)
=Strivial

Look for Moms.



Aresult:

(Xx,Xz) =Siff xey are crops.

to evaluate:
Another way

(xx, Xy) =< XxXy,x) =xx(McT(*)

Plug in Xx)() =z(f)



If D = C, then

V c,c' E

otherwise:1 & Missing some irreps
=>Dimensions won't match.

2)cceD reducible (Xe, Xic) > I

3)x, y label same rep ->(X.c, Xy) 500



Orthogonality of characters for
CE_WHA gives:

I

Can also extend to matrix element orthog:

If(gla by (5s'd =v8s"S
Schur's 2nd orthogonality relation





tou:MPO -injectivity

PEps(m,p)= S
Mpo(e,M,x)=-

&
STATESYOT,M) *

Physical State Tn (Not unique Quantum symmetries of M

I
omg= ~ =>

#Yzrkz(e)
...*--
w

(M =TY



17:
SAME tRN

*-



& utlook
-.

- Extending classical results to quantum symmetries

- Schor orthogonality relations

- Wigne-Eckart thn:
constraints on synetric tensors

O

O

O

- Beyond finite case.

- Fusion n-categories? Weak Hopf+?



- LPlugging skeletal data into

3 =

--

↳ w

Yields eat to softity-inI



Questions?
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